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Abstract. We consider the problem of scheduling jobs on-line on a single machine with the objective
of minimizing total completion time. We assume that jobs arrive over time and that release dates are
known in advance, but not the processing times. The most important result we are given in this paper
is the competitive analysis of a new clairvoyant on-line algorithm for this scheduling problem. We are
proving that this deterministic semi-online algorithm, called ST-α, is

√
3-competitive, which beats

the existing lower bound for non-clairvoyant online algorithms.
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1. Introduction

Scheduling is a theoretical area of combinatorial optimization that has been in-
spired by applications in production systems and practical computer science to
develop optimization models with very interesting results. In these models, one
of the basic assumptions made in deterministic scheduling was, until few years
ago, that all information needed to define the problem instance is well known at
the initial time. However, this assumption could be not valid in practice. More
specifically, when the scheduling models take into account the restriction of jobs
arriving over time, jobs do not have to be scheduled immediately as they arrive,
and the on-line algorithm has to decide, at each time the machine is idle, either to
process one of the unscheduled jobs that have been released or to leave the machine
idle so that if an important job arrives it can be processed immediately (Hoogeveen
and Vestjens, 1996).

Formally, we consider the problem of scheduling n jobs on a single machine.
Job Jj becomes available for processing at its non-negative release date rj and
has processing time pj , for j=1,...,n. Pre-emption is not permitted, so that no in-
terruption in the processing of a job is allowed. The goal is to find a schedule that
minimizes the total completion time

∑n
j=1 Cj , where Cj is the completion time of

job Jj . This problem is noted in the literature as 1/rj /�Cj .
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In the off-line version of the problem, a scheduling algorithm (called an off-
line algorithm) has access to complete information of all jobs when constructing
a schedule. In this context, the shortest processing time first (STP) rule schedules
jobs in non-decreasing order of processing times pj , and it provides the optimal
solution where jobs arrive at identical release dates (Smith, 1956). For arbitrary
release dates and pre-emption allowed, the Shortest Remaining Processing Time
(SRPT) rule gives also an optimal solution (Schrage, 1968). However, for our
case, pre-emption is not allowed and the problem is known to be strongly NP-hard
(Lenstra et al., 1977).

Until now, in an online environment, jobs arrive over time, as defined by their
release dates. The number of jobs is not known in advance, and no information
is known about any future job. However, immediately a job Jj arrives in the sys-
tem at time rj , its processing time pj is known. These on-line scheduling models
consider that no future information is given to the algorithm when scheduling a
job (Sgall, 1999). So that, those scheduling algorithms are called non-clairvoyants.
For this version of our problem, several authors have proposed very interesting
algorithms (Phillips et al., 1995; Hoogeveen and Vestjens, 1996, Lu et al., 2002),
with competitive ratio of 2, and they are optimal (Hoogeveen and Vestjens, 1996).
A randomized online algorithm was proposed by Chekuri et al. (1997) with an
expected competitive ratio of e/(e-1) and this is also optimal (Vestjens, 1997).

In this paper, we are interested in analyzing a new on-line scheduling prob-
lem where partial knowledge of future information is known (in advance). Little
is known about clairvoyant on-line (or semi-online) scheduling algorithms. Some
other models are given by Liu et al. (1996), Kellerer et al. (1997), Azar and Regev
(1998), and Seiden et al. (1998), who analyzed the problem of scheduling jobs
within different shop configurations to maximize productivity (or minimize the
makespan) as the objective function. We analyze here the semi-online scheduling
problem on a single machine where the objective function is the total completion
time, or equivalently, total flow time, total waiting time, and latency (Conway et
al., 1967). Particularly, we are given the competitive analysis of a new clairvoyant
on-line algorithm, called SPT-α, where decision strategies are based on the well-
known SPT rule anticipating the possibility of processing a job before the next
arrival (Montoya Torres, 2002).

The remainder of this paper is arranged as follows. In Section 2 we present the
algorithm SPT-α, for which the competitive analysis is given in Section 3. Finally,
Section 4 presents some concluding remarks.

2. The SPT-α Algorithm

In this section, we are describing a clairvoyant on-line algorithm for the scheduling
problem on a single machine where jobs arrive over time and release dates are well-
known at the initial time of scheduling. This algorithm, called SPT-α and proposed
firstly by Montoya Torres (2002), is inspired from the idea of α-schedules (or frac-
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tional schedules) introduced by Phillips et al. (1995) to schedule jobs on parallel
machines. This idea was later used by several authors in different one-machine
scheduling problems (Hall et al., 1997; Schulz and Skutella, 1999; Goemans et
al., 2002). A α-schedule is a schedule given by an algorithm A that schedules
jobs according to the shortest remaining processing time (SRPT) rule and then
establishes a non-preemptive scheduling list according to the order in which jobs
were executed during α×pj units of time (i.e. α×p1�α×p2�...�α×pn) in this
SRPT– pseudo-schedule.

In this context, a α-scheduler takes non-preemptive scheduling decisions once
the α×pj fraction of a job has been finished on the machine. Hence, we say that
these decisions are taken a posteriori. Scheduling decisions could be taken a priori
if an on-line algorithm knew future release dates in advance. So that, for this new
semi-online algorithm, the SPT rule is used to create the priority list of jobs, and
α-points are used as the execution strategy, if and only if a job can be executed
during at least α×pj units of time before the next arrival.

Algorithm SPT-α:

1. Chose a value of α∈(0,1] before the first input.
2. Classify arrived jobs in a list L according to the SPT rule (i.e. p[1]�p[2]�. . .�p

[n]).
3. Let t be any time the machine is idle and rk be the next release date (i.e. rk=min

rj /rj>t). If (t+α×p[1]�rk), then schedule p[1] on the machine at time t. If there
is more than one job, then schedule the one with min{ri}.

4. If there is no candidate to be scheduled, then wait for the release date rk.
5. If no more jobs arrive before t, schedule jobs according to SPT rule.

SPT-α turns in O(n2�pj ) time. So that, it is a pseudo-polynomial time al-
gorithm. However, computational experiments have been showed that SPT-α is,
in average, as competitive as the non-clairvoyant optimal on-line algorithms ex-
isting in the literature. It has been also showed that the experimental worst-case
analysis gives a lower value compared against those algorithms and others semi-
online heuristics (Montoya Torres, 2002), proving the practical effectiveness of this
algorithm.

3. Competitive Analysis of the SPT-α Algorithm

The analysis of on-line algorithms is habitually presented by evaluating the per-
formance of an algorithm against an optimal off-line solution for the worst-case
analysis. Formally, for a scheduling problem J of size n, let CA(J) denote the
value of the total completion time given by the on-line algorithm A. The optimal
clairvoyant off-line algorithm OPT minimizes C(J) for each J. The performance
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ratio of algorithm A is defined as

RA(n) = sup CA(J )/COPT(J ).

An online scheduling algorithm is said f(n)– competitive if RA(n)�f(n), and the
algorithm is said to be competitive is there exists a constant k for which it is k–
competitive (Motwani et al., 1994). It means that the solution obtained by applying
an on-line algorithm A, is at most k times the value given by the optimal off-line
algorithm for any instance of the problem.

For the problem of scheduling jobs on-line on a single machine in order to
minimize total completion time, Hoogeveen and Vestjens (1996) showed that no
deterministic non-clairvoyant on-line algorithm can have a competitive ratio smal-
ler than 2. In this section we will show that it exists an on-line (clairvoyant) al-
gorithm for which the competitive ratio is smaller than this bound. More precisely,
we show that the semi-online scheduling algorithm SPT-α is a

√
3-competitive

algorithm, and this result beats the existing lower bound for non-clairvoyant online
algorithms.

From now on, we call σ the schedule given by the SPT-α algorithm and we
assume that jobs are numbered according to their position in this schedule σ (i.e.,
C1�C2�. . .�Cn). Actually, this schedule σ is composed of a sequence of blocks,
where each block is a set of jobs executed continually on the machine without
any idle time. Between two blocks, the idle time of the machine is due to SPT-
α’s decisions to not to schedule a job and to wait for the next arrival. So that,
sequencing decisions taken inside each block do not influence the sequencing de-
cisions concerning the jobs scheduled after the idle time, and vice-versa. Hence,
any instance can be split into several independent smaller instances, where jobs are
ordered according to the SPT rule, and such that the last job of a block is larger
than the first job of the succeeding block, if it exists. We denote these blocks by
B1,...,Bk. Block Bi+1 consists of the jobs Jb(1)+1,...,Jb(i+1), where the indexes b(i)
are determined recursively as b(i)= min{j > b(i − 1)|pj > pj+1} and the number
k of blocks in which the schedule is partitioned, is given by the recursion scheme.

Let m be the index of the job that has the largest processing in the first i blocks
(i.e., pm=max1�j�b(j){pj }). We define a pseudo-schedule ψ for the schedule σ as
follows. The order in ψ is the same that in σ but the job Jj in Bi+1 starts at time
sj (ψ)=sj (σ )-2αpm, for 0<α�1. We can easy verify that ψ is not an acceptable
schedule because some jobs overlap and some jobs begin before their release dates.
It is also important to note that the amount that each job is shifted backward only
increases with time and hence ψ contains no idle time for the machine, where
the idea behind is that all jobs that are not in SPT order due to the greediness
decisions of the heuristic SPT-α, are now scheduled before or at the time they
would have been scheduled if the algorithm would have decided to postpone to
execute the largest job. We are using some ideas given by Vestjens (1997) to show
in lemmas 1 and 2 that ψ is comparable to both the optimal preemptive schedule
for any problem instance, noted hereinafter by φ, and the schedule σ given by
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SPT-α. Using these relations, we will then prove the competitiveness ratio of this
algorithm.

LEMMA 1. Cj (σ )-Cj (ψ)�2αCj (φ), for all Jj belonging to any instance of the
problem.

Proof. Consider an arbitrary job Jj and suppose that Jj∈Bi+1. Because of the
definition of the pseudo-schedule ψ , we have that Cj (σ )– Cj (ψ)=2αpm. If pj<pm,
then rj>sm(σ )�pm, because the algorithm SPT-α always schedule a job if it is
possible to execute it for at least αpj units of time on the machine. Therefore,
either pj�pm or rj>pm, which implies that pm�rj+pj�Cj (φ). Hence, Cj (σ )–
Cj (ψ)�2αCj (φ).

LEMMA 2. �Cj (ψ)��Cj (φ).
Proof. Consider any instance, say J, of the problem. To prove this lemma, we

use this instance J to create a new instance J’ which consists of all jobs in J with
the same processing times and with release dates defined as rj ’=min{rj ,sj (ψ)}.

Let φ’ be the optimal preemptive schedule for the instance J’. We will show
that no job will start at an earlier time in φ’ than in ψ . Suppose the contrary, that
at least one job starts in φ’at an earlier time than in ψ , and let Jj be the first such
job. Suppose also that Jj∈Bi+1 in σ . If pj�pm, then all jobs scheduled before Jj in
ψ have a higher priority than Jj (i.e. either they have a smaller processing time or
they have equal processing time but a smaller release date). This implies that in φ’
these jobs also have a higher priority and hence they will be scheduled before Jj ,
contradicting the fact that sj (φ’)<sj (ψ).

Now consider the case pj<pm. because of the assumption, we have that
rj ’�sj (φ’)<sj (ψ), which implies again rj<sj (ψ).

Consider this time the jobs within the interval [rj ,sj (ψ)]. Because Jj was avail-
able at the beginning of these jobs, those must have a higher priority than Jj , which
means that the SRPT algorithm prefers them to the job Jj . Since we have assumed
that Jj was the first job starting earlier in φ’ than in ψ , these jobs must occupy
the machine in φ’ until time sj (ψ), from which we deduce that sj (φ’)�sj (ψ).
Therefore, no job starts earlier in φ’ than in ψ , which implies that Cj (φ’)�Cj (ψ)
∀ j=1,...,n.

Because of the definition of the instance J’, release dates rj ’ are smaller than
or equal to release dates rj of the original instance J, we have that �Cj (φ’)��Cj

(φ), that implies also that �Cj (ψ)��Cj (φ’)��Cj (φ).

THEOREM 3. For the problem of scheduling jobs arriving over time to minimize
total completion time when ready times are well known at the initial time, the
deterministic online algorithm SPT-α is (2α+1)–competitive.

Proof. Combining Lemmas 1 and 2 we obtain �Cj (σ )�2α �Cj (φ)+�Cj (ψ).
Since the value of an optimal preemptive schedule is a lower bound of the value
of an optimal non-preemptive schedule, we have that �Cj (σ )�(2α+1) �Cj (φ)�
(2α+1) �Cj (π )
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THEOREM 4. For the on-line scheduling problem where jobs arrive over time
and release dates are known in advance, there are some instances for which the
deterministic algorithm SPT-α is 3/(2α+1)–competitive.

Proof. Consider an instance J of n jobs. The first job arrives at time r1=0 and
has processing time pj =n, and the (n-1) other jobs arrive at times rj =njα and have
processing times pj =1, for j=2,...,n. For this problem instance, SPT-α schedules the
first job followed by all the unitary jobs, yielding to a total completion time of

n +
n∑

j=1

(n + j) = 3(n2 + n)/2.

The optimal off-line solution will wait for the second arrival to schedule all the
unitary jobs followed by the largest one. So that, the optimal solution yields to a
total completion time of

n∑

j=1

(αn + j) + αn + 2n = ((2α + 1)n2 + (2α + 5)n)/2.

Hence, the performance ratio of SPT-α for this instance is: RA(J)= (3(n2+n))/
((2α+1)n2+(2α+5)n).

If we let n tend to infinity, SPT-α is 3/(2α+1)– competitive algorithm.

LEMMA 5. The SPT-α algorithm is 3–competitive.
Proof. Combining Theorems 3 and 4, simple algebra shows that for α=(

√
3-1)/2;

the SPT-α algorithm is 3 – competitive.

4. Concluding Remarks

In this paper, we analyzed the problem of scheduling jobs arriving over time on
a single machine, where the objective function was the minimization of the total
completion time. More precisely, we studied a new on-line problem, where release
dates are all known at the initial time. We analyzed the competitiveness of the semi-
online algorithm SPT-α, that is

√
3-competitive, which beats the existing lower

bound for non-clairvoyant online algorithms. The main idea of the scheduling
strategy of this algorithm is to anticipate the possibility of scheduling a job to not
to wait for a long period of time before the next arrival time, as well as the use of
the well-known SPT rule to establish the priority order of job’s execution.
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